This paper compares a series of competing models to forecast beta. Realized measures of asset return covariance and variance are computed and applied to forecast beta following Andersen, Bollerslev, Wu (2005a and 2005b) . This approach is compared with the traditional constant beta model and a variant, the random walk model. It is shown that an autoregressive model with two or three lags that is estimated on the previous 80 quarters of realized beta produces the lowest or close to the lowest error for quarterly stock beta forecasts. In general, the AR(3) model has a mean-squaredforecast-error half that of the constant beta model. JEL Code: G0
Introduction
Beta, emanating from the pioneering work of Sharpe (1964) and Lintner (1965) , is a foundation stone of modern finance theory and is a focal point of countless investment and financing decisions. Forecasting betas has puzzled academics and practitioners for decades as they are recognized to be time-varying in nature [Mandelker (1974) , Keim and Stambaugh (1986) , Ferson (1989) and Breen, Glosten and Jagannathan (1989) ]. To date, there lacks a forecasting technique that can outperform the constant beta model. Ghysels (1998) examined various parametric time varying beta models, including models from Ferson (1989) , Ferson and Harvey (1991, 1993) and Ferson and Korajczyk (1995) ], yet showed that these well known models are less accurate than the constant beta model even though beta is known to be timevarying. This paper outlines a beta forecasting method that consistently dominates the constant beta model.
The beta of a security represents its sensitivity to movements in the market. The beta of a portfolio is the weighted average of the individual betas of the securities comprising the portfolio. Market players form portfolios with a specific portfolio beta corresponding to their desired purpose, such as tracking portfolios with a beta of one and hedging portfolios with negative betas. Betas also have strong implications in the valuation of cost of capital. Beta forecasting techniques therefore directly benefit portfolio managers and have valuation applications. Wang (2003) emphasizes the importance of having accurate beta forecasts and Ghysels and Jacquier (2005) stress the crucial importance of good beta forecasts for hedge fund managers who need to neutralize risk factors, or pension fund managers. Beta is generally estimated as a constant parameter, despite the extensive empirical research that states beta is time-varying.
The recent advances into non-parametric volatility measurement follows on from the seminal work of French, Schwert and Stambaugh (1987) and Schwert (1989) and is encapsulated in the recent realized beta measurement framework of Wu (2005a and 2005b) . A realized beta is the ratio of the stock and market return realized covariance and the market realized variance. These non-parametric measures of covariance and variance have been heavily documented recently, such as Andersen and Bollerslev (1998) , Andersen, Bollerslev, Diebold and Labys (2000 , 2001 , 2003 and Barndorff-Nielson and Shephard (2001 , 2002a , 2002b , 2004 . It has been demonstrated that traditional autoregressive time series models, computed on realized variance outperform popular models such as GARCH [Engle (1982) and Bollerslev (1986) ]. These volatility forecasting evaluations were performed by Andersen, Bollerslev, Diebold and Labys (2003) , Andersen, Bollerslev, Diebold and Ebens (2001) , Maheu and McCurdy (2002) , Martens, van Dijk and Pooter (2004) , Ghysels, Santa-Clara and Valkanov (2005), Koopman, Jungbacker and Hol (2005) .
In this paper we compute British quarterly realized betas, using daily data. Out-of-sample betas are forecasted using the constant, autoregressive and the random walk models.
Experimentation with in-sample estimation sizes of 20, 40, 60 and 80 quarters are conducted.
This leads to a finding that the autoregressive model with two or three lags, based upon the previous 80 quarterly realized betas are the dominant models. The results demonstrate dramatic improvements in beta forecasting for firms. On average the mean-squared-error of the constant beta model forecasts are dramatically reduced by approximately one half when using the autoregressive models with a specification of two or three lags, and in some cases they were reduced to less than a third. For stocks where data is not available for a long period of time, for example only 5 years, the AR(1) model or random walk model is the most accurate forecaster. This paper is organized as follows: Section 2 describes the sample of British stocks, section 3 describes realized beta measurement and section 4 provides an evaluation of the constant, autoregressive and random walk models for one-quarter-ahead forecasting of beta for a range of in-sample estimation sizes. The final section concludes the study.
Data
Daily security prices are collected from DataStream; prices are also adjusted for dividends and market capitalization changes. The companies are selected based upon having a complete time series of daily data commencing the 4 th January 1965 as well as being listed in the FTSE100 Index. Our sample extends through to 30 th June 2005 and consists of 40 companies. 
Beta Measuring
The theoretical framework presented by Andersen, Bollerslev, Diebold and Wu (2005a) provides a solid foundation for computing realized betas, thus their approach is utilized as follows:
The logarithmic vector price process, , is assumed to follow a multivariate → Ω
For additional details refer to Andersen, Bollerslev, Diebold and Wu (2005a) .
The beta of a security is the covariance of the security with the market divided by the variance of the market. The realized beta of a security is the realized covariance of a security and the market divided by the realized variance of the market. The realized covariance of a security i and the market m over a period [t, t+q] is the sum of the product of the returns of a security i and the market M for a period d, uniformly measured over the period [t, t+q] .
The realized variance over a period [t, t+q] is the sum of the squared returns of the market M for a period d uniformly measured over the period [t, t+q] .
As discussed, the realized beta is the realized covariance of security and the market divided by the realized variance of the market. In this empirical analysis q will be quarterly and d will be daily, similar to that of Schwert's (1989) seminal contribution. According to Andersen, Bollerslev, Diebold and Wu (2005a) the daily frequency and the quarterly measurement will complement one another as the daily frequency offers equilibrium between microstructure noise and a dense sampling frequency for the quarterly measure. The computation of the realized quarterly betas were performed using the Ox programming language [Doornik (2001) ].
First, the realized variance of the market and realized covariances of the security and the market are computed. This is implemented as above and in an identical manner to that of Andersen, Bollerslev, Diebold and Wu (2005a) . Figure 1 
Forecast Evaluation
In this section the techniques to forecast one-quarter-ahead betas are explored. The constant model, autoregressive models and the random walk model are examined.
The constant model, one of the most fundamental approaches to forecast beta is known to have outperformed more sophisticated models [Ghysels (1998) 
where n is the in-sample size, either 80, 60, 40 or 20.
For the autoregressive models, a low order process, as suggested by the ACFs and PACFs ...
Finally, a variant of the constant model, the random walk, is used where the current beta is used to forecast the next period's beta. Thus the random walk approach suggests that the best predictor of next period's beta is the contemporaneous beta:
To test the forecasting ability of each approach, the mean squared error (MSE) and mean absolute error (MAE) for each company is computed. The MSE and MAE are calculated as follows: 
where m is the number of quarters in the out-of-sample evaluation, and j β is the realized beta at quarter j and ˆj β is the corresponding forecast. The results demonstrate that the autoregressive models are the superior method of beta forecasting. In particular, the AR(3) based on the previous eighty quarterly realized betas is dominant, as it achieved the lowest average value for both MSE and MAE over all in-sample sizes and stocks [ Table 10 ]. Also of note, the best in-sample size for the constant beta model is 20 quarters of 5 years, which is consistent with Fisher (1970) and Gonedes (1973) results [Tables   1 Based on Table 2 where estimation is based on eighty quarters [(0.289-0.093)/0.289)].
2 From Table 8 , where forecasts are based on the previous 20 Quarters. 3 Based on Table 2 4 Based on Table 2 5 Based on Table 2 10 and 11]. However, it should be reinforced that the autoregressive model gives far superior results across varying in-sample sizes.
In terms of the MSE results, on average the AR(3) model is 42.8% better than the best constant model [from Table 10 , (0.2135-0.1221)/0.2135], which is the constant model based on the previous twenty quarters, and 12.7% better than the random walk model. In terms of the MAE, AR (3) is 25.2% better than the best constant model and 7.0% better than the random walk model from Tables 10 and 11 , respectively. It is clear that the autoregressive models consistently outperform the constant and random walk models with the lowest error values.
Conclusion
The purpose of this paper was to evaluate over a two decade period competing models for beta forecasting. Beta is a central pillar of finance theory and is used by practitioners, academics and regulators in a wide variety of settings. Whilst sophisticated models have been designed to attempt to beat the constant beta model, they have failed to capture mainstream support as they have underperformed the constant beta model. Thus the constant model has remained the benchmark model and is popular in its usage. However, we find that in general, an autoregressive model with two or three lags, estimated on the previous eighty quarters of realized betas, far surpasses the constant beta model. For some stocks the improvement is phenomenal. For example, Boots Group's MSE was reduced by 61.7% when using the AR(3) over the most accurate constant beta model. Averaged over 40 companies, the MSE values for the AR (3) model are 42.8% lower than the constant beta model. This is a remarkable discovery across all stocks. For stocks where data is not available for a long period of time, for example only 5 years, the AR(1) model or random walk model is the most accurate forecaster. The findings have fundamental implications for portfolio management, asset pricing, risk management and market regulation. It is hoped that this paper prompts further research activity across all branches of finance that readdresses issues that were previously examined using a constant beta model. 
